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ON THE AVERAGES OF DARBOUX FUNCTIONS

ALEKSANDER MALISZEWSKI

Abstract. Let A be the family of functions which can be written as the
average of two comparable Darboux functions. In 1974 A. M. Bruckner, J. G.
Ceder, and T. L. Pearson characterized the family A and showed that if α ≥ 2,
then A ∩ Bα is the family of the averages of comparable Darboux functions
in Baire class α. They also asked whether the latter result holds true also
for α = 1. The main goal of this paper is to answer this question in the
negative and to characterize the family of the averages of comparable Darboux
Baire one functions.

1. Preliminaries

The letters R, Z, and N denote the real line, the set of integers, and the set of
positive integers, respectively. We consider cardinals as ordinals not in one-to-one
correspondence with the smaller ordinals. The word interval means a nondegener-
ate interval. The word function denotes a mapping from R into R unless otherwise
explicitly stated. For each A ⊂ R we use the symbols intA, clA, frA, χA, and |||A|||
to denote the interior, the closure, the boundary, the characteristic function, and
the cardinality of A, respectively. We write c = |||R||| and use the symbol cf(c) to
denote the cofinality of c. By am and ac we denote the additivity of the σ-ideal of
null sets and the additivity of the σ-ideal of meager sets, respectively.

Let A ⊂ R and f : A → R. For every y ∈ R let [[[f < y]]] =
{
x ∈ A : f(x) < y

}
.

Similarly we define the symbols [[[f ≤ y]]], [[[f > y]]], etc. If B ⊂ A and |||B||| = c, then
let c-inf(f,B) = inf

{
y ∈ R : |||[[[f < y]]]∩B||| = c

}
and c-sup(f,B) = − c-inf(−f,B). If

x is a left c-limit point of A (i.e., |||A∩(x−δ, x)||| = c for every δ > 0), then we denote
c-lim (f, x−) = limδ→0+ c-inf

(
f,A∩ (x− δ, x)) and c-lim (f, x−) = − c-lim (−f, x−).

Similarly we define the symbols c-lim (f, x+) and c-lim (f, x+) if x is a right c-limit
point of A. If B ⊂ A is nonempty, then let ω(f,B) be the oscillation of f on B,
i.e., ω(f,B) = sup

{|f(x) − f(t)| : x, t ∈ B
}
. For each x ∈ A let ω(f, x) be the

oscillation of f at x, i.e., ω(f, x) = limδ→0+ ω
(
f,A∩ (x− δ, x+ δ)

)
. The symbol Cf

denotes the set of points of continuity of f . Thus Cf =
{
x ∈ A : ω(f, x) = 0

}
. Let

‖f‖ = sup
{|f(x)| : x ∈ A}. Finally let Bf consist of all x ∈ A such that x is not a

bilateral c-limit point of A or max
{
c-lim (|f−f(x)|, x−), c-lim (|f−f(x)|, x+)

}
> 0.

The following denote classes of functions.
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A consists of all functions which can be written as the average of two compara-
ble1 Darboux functions.

B consists of all functions possessing the Baire property.
Bα denotes Baire class α (1 ≤ α < ω1).
B∗

1 consists of all Baire one star functions [16], i.e., f ∈ B∗
1 iff for each nonempty

perfect set P ⊂ R there is an open interval I such that P ∩I 6= ∅ and f�(P ∩I)
is continuous.

Cq consists of all cliquish functions, i.e., f ∈ Cq iff cl Cf = R. Cliquish functions
are also called pointwise discontinuous. Clearly B1 ⊂ Cq ⊂ B.

D consists of all Darboux functions, i.e., f ∈ D iff the set f [J ] is connected for
every interval J .

L consists of all Lebesgue measurable functions.

We omit the intersection sign between classes of functions, e.g., DB1 is the family
of all Darboux Baire one functions.

2. Introduction

In 1974 A. M. Bruckner, J. G. Ceder, and T. L. Pearson proved that a function, f ,
can be written as the average of two comparable Darboux functions ϕ and ψ if
and only if for each x ∈ R we have max

{
c-lim (f, x−), c-lim (f, x+)

}
< ∞ and

min
{
c-lim (f, x−), c-lim (f, x+)

}
> −∞ [4, Theorem 2]. Moreover they showed

we can conclude that ϕ, ψ ∈ L provided f ∈ L, and that ϕ, ψ ∈ Bα (α ≥ 2)
provided f ∈ Bα. They also asked whether the latter result holds true also for α = 1
[4, p. 986]. The problem whether this assertion is true even for bounded Baire one
functions was restated in 1983 by J. G. Ceder and T. L. Pearson [8, p. 186].2

A similar problem to that considered by A. M. Bruckner, J. G. Ceder, and T. L.
Pearson is to determine a necessary and sufficient condition that for a function f
there exists a Darboux function ψ such that ψ > f on R. (The answer to this
question in general case can be easily obtained using the proof of [4, Theorem 2].)
In both cases we ask whether there is a positive function, g, such that both f + g
and −f + g are Darboux (the first problem) or such that f + g is Darboux (the
second problem). It suggests a similar problem for larger classes of functions, even
families of cardinality c or greater. Theorem 4.1 contains a solution of this problem
for classes of functions of cardinality less than or equal to c. It is an open problem
whether it is consistent with ZFC that condition (ii) of this theorem is sufficient
for families of functions of cardinality c+. (Cf. [9].)

Theorems 4.2 and 4.6 are similar to [11, Theorem 6]. Recall that by [11, Exam-
ple 1], condition (ii) of Theorem 4.2 may not be sufficient if |||A||| ≥ cf(c). (See Re-
mark 4.1.) However, I do not know whether the assumptions |||A||| < am and |||A||| < ac
are essential in Theorem 4.6. I also do not know whether we may allow uncountable
families in Theorem 4.7. (See Problem 7.1.) By [11, Example 2], we cannot allow
infinite families in Theorem 5.2. We will show that, unlike [10, Theorem 2] and
[12, Theorem 4], we cannot conclude in condition (ii) of Theorem 5.2 that g ∈ B1.
Actually, we cannot even conclude that g is Borel measurable. (See Corollary 5.5.)

1We say that functions ϕ and ψ are comparable if either ϕ < ψ on R or ϕ > ψ on R.
2The answer to this question follows immediately from [11, Theorem 8]. Indeed, let f ∈ B1

be bounded. By [11, Theorem 8], there are bounded functions ϕ,ψ ∈ DB1 such that ϕ+ψ = 2f .
Since ϕ and ψ are bounded, we may assume that ϕ < 0 < ψ on R.
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As usual, the Baire class one case is solved in a separate theorem (Theorem 6.9).
Notice that by Proposition 6.10, the necessary and sufficient condition for functions
in Baire class one is essentially stronger than in the general case.

Corollaries 4.3, 4.4, and 4.5 are formulated only for the general case. (In partic-
ular, Corollary 4.5 is a generalization of [4, Theorem 2].) However, one can easily
prove analogous results for Darboux Lebesgue measurable functions, Darboux Borel
measurable functions, etc.

3. Auxiliary results

The proof of the next lemma is straightforward. (See also [11, Lemma 5].)

Lemma 3.1. Suppose κ ≤ c and let {Pα : α < κ} be a sequence of subsets of R
of cardinality c. There is a sequence {Qα : α < κ} of pairwise disjoint sets of
cardinality c such that Qα ⊂ Pα for each α. If each Pα is Lebesgue measurable (has
the Baire property), then we can conclude that each Qα is a null set (a nowhere
dense set, respectively).

A similar result has been proved by J. Smı́tal [18, Lemma 2].

Lemma 3.2. Let {Pn : n ∈ N} be a sequence consisting of uncountable Borel mea-
surable sets. There exists a sequence, {Qn : n ∈ N}, consisting of pairwise disjoint
nonempty null perfect sets, such that Qn ⊂ Pn for each n.

The next lemma follows immediately from the definition.

Lemma 3.3. Let B,A1, A2, . . . ⊂ R be such that |||B ∩ An||| = c for each n ∈ N and
|||B \⋃n∈N An||| < c. Then for every function f : B → R we have

c-sup(f,B) = sup
{
c-sup(f,B ∩An) : n ∈ N

}
.

Lemma 3.4. Let A ⊂ R and f : A→ R. Then |||Bf ||| < c. If A and f are Lebesgue
measurable (A and f have the Baire property, A and f are Borel measurable), then
moreover Bf is a null set (Bf is a meager set, Bf is at most countable, respectively).

Proof. The main assertion follows by [7, Lemma 4, p. 285]. (See also [6, Lemma 1].)
The additional assertions can be proved in essentially the same manner, using the
fact that for each A ⊂ R, if |||A||| < c and A is Lebesgue measurable (A has the Baire
property, A is Borel measurable), then A is a null set (A is a meager set, A is at
most countable, respectively).

The next result is due to I. Maximoff [13].

Lemma 3.5. For each Borel measurable function f and each nonempty perfect
set P we can find a countable set B with the property that for each x ∈ P \ B
there is a perfect set Q ⊂ P having x as a bilateral limit point such that f�Q is
continuous.

In 1965 A. M. Bruckner and J. L. Leonard showed that for each nonempty perfect
set P ⊂ R there is a non-constant Darboux lower semicontinuous function which
vanishes outside of P [5, Corollary, p. 936]. Using this result, it is easy to prove
the following lemmas.

Lemma 3.6. Let P ⊂ R be a nonempty perfect set. There is a Darboux upper
semicontinuous function g such that g = 0 outside of P and g[P ] = [0, 1).

Lemma 3.7. Let Q ⊂ R be a nonempty perfect set. For each y ∈ R there is a
Baire one function ϕ such that ϕ[Q] = (y,∞).
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4. General case

Theorem 4.1. Let κ ≤ c and let A = {fα : α < κ} be a family of functions. The
following are equivalent :

(i) there is a positive function g such that fα + g ∈ D for each α < κ;
(ii) there is a nonnegative function h such that for each α < κ and each x ∈ R

we have max
{
c-lim (fα + h, x−), c-lim (fα + h, x+)

} ≤ (fα + h)(x).

Proof. The implication (i)⇒ (ii) is evident. To prove the opposite implication,
arrange all open intervals with rational end points in a sequence, {In : n ∈ N}.
For each α < κ and each n ∈ N set yαn = max

{
inf(fα + h)[In] + n−1,−n}, and

define Kαn = [[[fα + h < yαn]]] ∩ In. By assumption, |||Kαn||| = c for each α and n.
Use Lemma 3.1 to construct a family, {Qαn : α < κ, n ∈ N}, consisting of pairwise
disjoint sets of cardinality c, such that each Qαn is a subset of Kαn. For each α
and n let gαn : Qαn → (yαn,∞) be a surjection. Define g(x) = gαn(x) − fα(x) + 1
if x ∈ Qαn for some α < κ and n ∈ N, and g(x) = h(x) + 1 otherwise.

Clearly g ≥ h+ 1 on R, so g is positive. Fix an α < κ and let J be an interval.
By assumption and Lemma 3.3, we obtain

inf(fα + h)[J ] ≥ c-inf(fα + h, J) = inf
{
c-inf(fα + h, In) : In ⊂ J

}
.

Hence
(
inf(fα + h)[J ] + 1,∞) ⊂ (fα + g)[J ] ⊂ [

inf(fα + h)[J ] + 1,∞). It follows
that (fα + g)[J ] is an interval and fα + g ∈ D.

Theorem 4.2. Let A be a family of functions with |||A||| < cf(c). The following are
equivalent :

(i) there is a positive function g such that f + g ∈ D for each f ∈ A;
(ii) for each x ∈ R we have

sup
{
max{c-lim (f, x−), c-lim (f, x+)} − f(x) : f ∈ A

}
<∞.(?)

Proof. (i)⇒ (ii). For each x ∈ R and each f ∈ A, since g is positive and f + g ∈ D,

max{c-lim (f, x−), c-lim (f, x+)}
≤ max{c-lim (f + g, x−), c-lim (f + g, x+)} ≤ (f + g)(x).

Thus for each x ∈ R the left-hand side of the inequality (?) does not exceed g(x).
(ii)⇒ (i). We will show that condition (ii) of Theorem 4.1 holds. Let h(x) equal

the left-hand side of the inequality (?) if it is nonnegative, and zero otherwise. Then
h is finite and nonnegative. By Lemma 3.4 and our assumption, we get |||A||| < c,
where A =

⋃
f∈A Bf . Notice that h = 0 outside of A, so for each f ∈ A and each

x ∈ R we have

max
{
c-lim (f + h, x−), c-lim (f + h, x+)

}
= max

{
c-lim (f, x−), c-lim (f, x+)

} ≤ (f + h)(x).

Remark 4.1. By [11, Example 1], there exists a family of functions, A, such that
|||A||| = cf(c), ‖f‖ ≤ 1 for each f ∈ A (so, in particular, the inequality (?) holds for
each x ∈ R) but for each nonnegative function g there is an f ∈ A with f + g /∈ D.

Corollaries 4.3 and 4.4 follow directly from Theorem 4.2.

Corollary 4.3. Let A be a finite family of functions. The following are equivalent :

(i) there is a positive function g such that f + g ∈ D for each f ∈ A;



ON THE AVERAGES OF DARBOUX FUNCTIONS 2837

(ii) the inequality max
{
c-lim (f, x−), c-lim (f, x+)

}
< ∞ holds for every f ∈ A

and every x ∈ R.

Corollary 4.4. For each function f the following are equivalent :

(i) there is a function ψ ∈ D such that ψ > f on R;
(ii) there is a function ψ ∈ D such that ψ > f on R and ψ − f ∈ D;
(iii) for every x ∈ R we have max

{
c-lim (f, x−), c-lim (f, x+)

}
<∞.

Corollary 4.5. For each function f the following are equivalent :

(i) there are functions ϕ, ψ ∈ D such that ϕ < f < ψ on R;
(ii) there are functions ϕ, ψ ∈ D such that ϕ < f < ψ and f = (ϕ + ψ)/2 on R,

and f − ϕ = ψ − f ∈ D;
(iii) for every x ∈ R we have both max

{
c-lim (f, x−), c-lim (f, x+)

}
< ∞ and

min
{
c-lim (f, x−), c-lim (f, x+)

}
> −∞.

Proof. The implication (ii)⇒ (i) is evident. The other two implications follow easily
by Corollary 4.3 if we let A = {f,−f, 0}, and put ϕ = f − g and ψ = f + g.

Theorem 4.6. For each family A ⊂ L (respectively for each family A ⊂ B), if
|||A||| < am (respectively |||A||| < ac), then the following are equivalent :

(i) there is a positive function g such that f + g ∈ D for each f ∈ A and [[[g 6= 0]]]
is a null set (a meager set, respectively);

(ii) there is a nonnegative function h such that for each f ∈ A and x ∈ R we have
max

{
c-lim (f + h, x−), c-lim (f + h, x+)

} ≤ (f + h)(x);
(iii) the inequality (?) holds for each x ∈ R.

Proof. The proof mimics the arguments used in Theorems 4.1 and 4.2. Notice
that by Lemma 3.4 and our assumption, the function h defined as in the proof
of Theorem 4.2 vanishes outside of a null set (a meager set), and the function g
constructed as in the proof of Theorem 4.1 differs from h only on a null set (on a
meager set, respectively).

Theorem 4.7. Let A be an at most countable family of Borel measurable functions.
The following are equivalent :

(i) there is a positive function g such that f + g ∈ D for each f ∈ A;
(ii) there is a positive function g ∈ B2 such that f + g ∈ D for each f ∈ A and

[[[g 6= 0]]] is a null meager set ;
(iii) the inequality (?) holds for each x ∈ R.

Proof. The implication (ii)⇒ (i) is obvious, and (i)⇒ (iii) follows by Theorem 4.2.
(iii)⇒ (ii). Let h(x) equal the left-hand side of the inequality (?) if it is nonneg-

ative, and zero otherwise. Observe that by Lemma 3.4, the set [[[h 6= 0]]] is at most
countable. Thus h ∈ B2. Moreover for each f ∈ A and x ∈ R we have

max
{
c-lim (f + h, x−), c-lim (f + h, x+)

} ≤ (f + h)(x).

(Cf. the proof of Theorem 4.2.) Next we proceed as in the proof of Theorem 4.1.
However, we use Lemma 3.2 instead of Lemma 3.1 to find nonempty null perfect
sets Qαn (by Lemma 3.5, we may assume that each fα�Qαn is continuous), and we
require that each function gαn be Baire one. (See Lemma 3.7.) Then the function g
constructed as in the proof of Theorem 4.2 will be Baire two.
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5. Cliquish functions

Lemma 5.1. Let I = [a, b] and n ∈ N. Moreover let f1, . . . , fk ∈ Cq be such
that max

{
ω(f1, I), . . . , ω(fk, I)

}
< 1. There exists a positive function g ∈ B1 such

that g = 1 on fr I, Cg ⊃ ⋂k
i=1 Cfi , and for each i: (fi + g)�I is Darboux, and

(fi + g)[I] ⊃ [
inf fi[I] + 1,max{inf fi[I] + 1, n}].

Proof. Put T = max
{|n − inf fi[I]| : i ∈ {1, . . . , k}} + 1. Let ψ be a nonnegative

continuous function such that ψ[I] = [0, T ] and ψ = 0 outside of I. For each i
define f̄i = (fi + ψ) · χI + fi(a) · χ(−∞,a) + fi(b) · χ(b,∞). Use [12, Theorem 4] to

construct a function ḡ ∈ B1 such that f̄i + ḡ ∈ D for each i, Cḡ ⊃
⋂k
i=1 Cfi , and

‖ḡ‖ < 1. By its proof, we can conclude that ḡ = 0 on {a, b}. Put g = ψ + ḡ + 1.
Observe that for each i, since f̄i + ḡ ∈ D and fi + g = f̄i + ḡ + 1 on I, so

(fi + g)[I] ⊃ (
inf(fi + g)[I], sup(fi + g)[I]

)
⊃ (

fi(a), inf fi[I] + sup g[I]
) ⊃ [

inf fi[I] + 1,max{inf fi[I] + 1, n}].
The other requirements are evident.

Theorem 5.2. Let f1, . . . , fk ∈ Cq. The following are equivalent :

(i) there is a positive function g such that fi + g ∈ D for each i;

(ii) there is a positive function g such that fi+g ∈ D for each i and Cg ⊃
⋂k
i=1 Cfi ;

(iii) for each i and each x ∈ R we have max
{
c-lim (fi, x

−), c-lim (fi, x
+)
}
<∞.

Proof. The implication (i)⇒ (iii) follows by Corollary 4.3, and (ii)⇒ (i) is obvious.

(iii)⇒ (ii). Define A =
⋃k
i=1

{
x ∈ R : ω(fi, x) ≥ 1

}
. Then A is closed and

nowhere dense. Find a family, {In : n ∈ N}, consisting of nonoverlapping compact
intervals, such that

⋃
n∈N In = R \ A and each x /∈ A belongs to int(In ∪ Im) for

some n,m ∈ N. For each n ∈ N, since In is compact and ω(fi, x) < 1 for each i ≤ k
and x ∈ In, we may assume that max

{
ω(f1, In), . . . , ω(fk, In)

}
< 1.

For each n ∈ N use Lemma 5.1 to construct a positive function gn ∈ B1 such

that gn = 1 on fr In, Cgn ⊃
⋂k
i=1 Cfi , and for each i: (fi + gn)�In is Darboux and

(fi + gn)[In] ⊃ [
inf fi[In] + 1,max{inf fi[In] + 1, n}].

Set B = A \⋃k
i=1 Bfi�A. Then by Lemma 3.4, |||A \ B||| < c. Let {Jp : p ∈ N} be

a family consisting of all open intervals with rational end points which intersect B.
(We have either N = ∅ or N = N.) There is a family,

{
Qip : i ∈ {1, . . . , k}, p ∈ N},

consisting of pairwise disjoint sets of cardinality c, such that each Qip is a subset
of [[[fi < yip]]]∩B∩Jp, where yip = max

{
inf fi[B∩Jp]+p−1,−p}. (See Lemma 3.1.)

For each i and p let ψip : Qip → (yip,∞) be a surjection. Define

g(x) =


gn(x) if x ∈ In, n ∈ N,

ψip(x)− fi(x) if x ∈ Qip, i ∈ {1, . . . , k}, p ∈ N ,

1 if x ∈ B \⋃k
i=1

⋃
p∈N Qip,

and g(x) = max
{
max

{
max{c-lim (fi, x

−), c-lim (fi, x
+)} − fi(x) : i ≤ k

}
, 0
}

+ 1
if x ∈ A \B. It is easy to show that g is the required function.

Theorem 5.3. Let f1, . . . , fk ∈ Cq be Lebesgue measurable (Borel measurable).
The following are equivalent :

(i) there is a positive function g such that fi + g ∈ D for each i;
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(ii) there is a positive Lebesgue measurable (Baire two, respectively) function g

such that fi + g ∈ D for each i and Cg ⊃
⋂k
i=1 Cfi ;

(iii) for each i and each x ∈ R we have max
{
c-lim (fi, x

−), c-lim (fi, x
+)
}
<∞.

Proof. The implication (i)⇒ (iii) follows by Corollary 4.3, and (ii)⇒ (i) is obvious.
(iii)⇒ (ii). The proof is a repetition of the argument used in Theorem 5.2. In

the Lebesgue measurable case we require that each Qip be a null set, so g differs

from a Baire one function on a null set
⋃k
i=1

⋃
p∈N Qip∪ (A\B). (See Lemma 3.4.)

In the Borel measurable case we use Lemma 3.2 instead of Lemma 3.1, and require
that each Qip be perfect. Moreover we may assume that each fi�Qip is continuous
(Lemma 3.5) and that each ψip is Baire one (Lemma 3.7). Since by Lemma 3.4 the

set A \B =
⋃k
i=1 Bfi�A is at most countable, we conclude that g ∈ B2.

Theorem 5.4. Given a family of nonnegative functions, {gα : α < c}, we can find
a positive function f ∈ ACqL such that f + gα /∈ D for each α < c.

Proof. Let K be the set of all bilateral limit points of the Cantor ternary set. First
we will define a function f̄ : K → (0, 1) so that int

(
f̄ + gα

)
[K] = ∅ for each α < c.

Arrange all elements of K in a transfinite sequence, {xβ : β < c}. We will proceed
by transfinite induction. Fix a β < c and suppose we have already defined the
function f̄ on {xγ : γ < β}. Let Qβ ⊂ R \ {(f̄ + gβ

)
(xγ) : γ < β

}
be a countable

set dense in R. Observe that |||Bβ||| < c, where

Bβ =
⋃
α≤β

({
y − gα(xβ) : y ∈ Qα

} ∪ {(f̄ + gα
)
(xγ)− gα(xβ) : γ < β

})
.

Choose an arbitrary yβ ∈ (0, 1) \ Bβ , and define f̄(xβ) = yβ . Notice that for
each α ≤ β we have Qα ∩

(
f̄ + gα

)
[{xγ : γ ≤ β}] = ∅.

Now let {Im : m ∈ N} be the family of all components of R\K. Define f(x) = m
if x ∈ Im for some m ∈ N, and f(x) = f̄(x) otherwise. If x ∈ cl

(
K ∩ (−∞, x)

)
,

then 0 ≤ c-lim (f, x−) ≤ 1 < ∞, and if x ∈ Im for some m ∈ N and x is not the
left end point of Im, then c-lim (f, x−) = m < ∞. Similarly we can show that
0 ≤ c-lim (f, x+) < ∞ for each x ∈ R. By Corollary 4.5, f ∈ A. It is evident
that f ∈ CqL.

Suppose f + gα ∈ D for some α < c. Fix an x ∈ K. Take an open interval I 3 x
such that I ∩ Im = ∅ for m ≤ (f + gα)(x) + 1. Then f + gα ≥ f > (f + gα)(x) + 1
on I \K. But f + gα ∈ D, so (f + gα)[K ∩ I] ⊃ (

(f + gα)(x), (f + gα)(x) + 1
)
, an

impossibility.

Corollary 5.5. There is a positive function f ∈ ACqL such that f + g /∈ D for
each nonnegative Borel measurable function g.

6. Baire one functions

First let us define a classification of Baire one functions. If Γ is a nonnegative
extended real number and A ⊂ R, then DΓ (A) is the family of all functions f ∈ B1

such that

c-lim
(|f − f(x)|�A, x−) ≤ Γ whenever x ∈ A is a left c-limit point of A

and

c-lim
(|f − f(x)|�A, x+

) ≤ Γ whenever x ∈ A is a right c-limit point of A;

moreover let DΓ = DΓ (R). Then, in particular, D0 = DB1 (see [20], [3, Theo-
rem 6.1], or [2, Theorem 1.1, p. 9]), and D∞ = B1.
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Lemma 6.1. Let ϕ ∈ DB1 and let P be a nonempty perfect set. If ϕ vanishes
outside of P , then ϕ ∈ D0(P ).

Proof. Let x ∈ P be a right c-limit point of P . If ϕ(x) 6= 0, then find a perfect
set K such that x is a bilateral limit point of K and ϕ�K is continuous at x. (See
[15], [3, Theorem 6.1], or [2, Theorem 1.1, p. 9].) Clearly we may assume that
ω(ϕ,K) < |ϕ(x)|. Then K ⊂ P , so c-lim

(|ϕ− ϕ(x)|�P, x+
)

= 0.

Now let ϕ(x) = 0 and suppose that c-lim
(|ϕ|�P, x+

)
> 0. There is an ε > 0 such

that |||[[[|ϕ| < ε]]]∩P ∩ (x, x+ ε)||| < c. Since ϕ ∈ D, the set ϕ
[
[x, x+ ε)

]
is connected.

Hence ϕ = 0 on [x, x+ε). But x is a right c-limit point of P , so c-lim
(|ϕ|�P, x+

)
= 0,

an impossibility. Similarly we can show that c-lim
(|ϕ|�P, x−) = 0 whenever x ∈ P

and x is a left c-limit point of P .

Corollary 6.2. Let ϕ ∈ DB1 and let P be a nonempty perfect set. If ϕ vanishes
outside of P and a function f : P → R is continuous, then f +ϕ, fϕ ∈ D0(P ).

Lemma 6.3. For each function u the following are equivalent :

(i) there is a function h ∈ B1 such that u ≤ h on R;
(ii) there is a function f ∈ B∗

1 such that u < f on R;
(iii) for each nonempty closed set P ⊂ R there is an open interval I such that

P ∩ I 6= ∅ and u is bounded above on P ∩ I.
Proof. The implication (ii)⇒ (i) is obvious.

(i)⇒ (iii). Let x ∈ Ch�P . Then clearly h is bounded on P ∩ I for some open
interval I 3 x. So u is bounded above on P ∩ I.

(iii)⇒ (ii). Denote by J the family of all compact intervals, J , for which there is
a function f ∈ B∗

1 such that u < f on J . Moreover let G be the set of all x ∈ R
for which there is a δx > 0 such that every compact interval J ⊂ (x − δx, x + δx)
belongs to J.
Assertion 1. If [a1, a2] ∈ J and [a2, a3] ∈ J, then [a1, a3] ∈ J.

For j ∈ {1, 2} let fj ∈ B∗
1 witness [aj , aj+1] ∈ J. Define f(x) = f1(x) if x ≤ a2,

and f(x) = f2(x) if x > a2. Clearly this function witnesses [a1, a3] ∈ J. C
Assertion 2. Every compact interval J ⊂ G belongs to J.

Indeed, the compactness of J and the relation J ⊂ ⋃
x∈J(x − δx, x + δx) imply

that there exist x1, . . . , xm ∈ J such that J ⊂ ⋃m
i=1(xi − δxi , xi + δxi). Hence we

can find nonoverlapping compact intervals J1, . . . , Jk ∈ J with J =
⋃k
j=1 Jj . By

Assertion 1, we obtain J ∈ J. C
Assertion 3. G = R.

Indeed, suppose that the closed set P = R \ G is nonempty. There is an open
interval I and a T ∈ R such that P ∩ I 6= ∅ and u < T on P ∩ I. Observe that
int(P ∩I) ⊂ G, so P ∩I is nowhere dense. Take a compact interval J ⊂ I. If J ⊂ G,
then by Assertion 2, J ∈ J. Otherwise find a family, {Jn : n ∈ N}, consisting of
nonoverlapping compact intervals, such that J \ P =

⋃
n∈N Jn and each x ∈ J \ P

belongs to int
(
Jn∪Jm∪(R\J)

)
for some n,m ∈ N. For each n let Jn = [an, bn] and

choose a function fn ∈ B∗
1 witnessing Jn ∈ J. Define f(x) = fn(x) if x ∈ [an, bn)

for some n ∈ N, and f(x) = T otherwise. Clearly this function witnesses J ∈ J.
Hence I ⊂ G and P ∩ I ⊂ P ∩G = ∅, an impossibility. C

Finally, for each z ∈ Z use Assertions 3 and 2 to construct a function fz ∈ B∗
1

witnessing [z, z+ 1] ∈ J. Define f(x) = fz(x) if x ∈ [z, z+ 1) for some z ∈ Z. Then
clearly f ∈ B∗

1 and u < f on R.
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Lemma 6.4. Let g, f1, . . . , fk ∈ B1. Moreover assume that g > 0 on a compact
interval I, and let di ≥ ci > c-inf(fi, I) for i ∈ {1, . . . , k}. Then there exists
a function g̃ ∈ B1 such that g̃ > 0 on I, g̃ = g outside of int I, and for each
i ∈ {1, . . . , k}: c-lim

(|fi + g̃− fi(x)− g̃(x)|, x−
)

= c-lim
(|fi + g− fi(x)− g(x)|, x−

)
and c-lim

(|fi + g̃ − fi(x) − g̃(x)|, x+
)

= c-lim
(|fi + g − fi(x) − g(x)|, x+

)
for

each x ∈ R, and (fi + g̃)[I] ⊃ [ci, di].

Proof. I. First choose pairwise disjoint nonempty perfect sets P1, . . . , Pk such that
Pi ⊂ [[[fi < ci]]]∩ int I for each i. By Lemma 3.5, we may assume that g�Pi and fj�Pi
are continuous for each i and j. Use Lemma 3.6 to construct a Darboux Baire one

function ĝ : R → (0, 1] such that ĝ = 1 outside of
⋃k
i=1 Pi and inf ĝ[Pi] = 0 for

each i. Define ḡ = gĝ.
It is obvious that ḡ ∈ B1, ḡ > 0 on I, and ḡ = g outside of int I. Fix an

i ∈ {1, . . . , k}. The function g�Pi is continuous, so it is bounded above. Let
Ti = sup g[Pi] and εi = ci − sup fi[Pi] > 0. Recall that inf ĝ[Pi] = 0 and ĝ ∈ D.
Thus |||[[[ĝ < εi/Ti]]] ∩ Pi||| = c. Hence |||[[[fi + ḡ < ci]]] ∩ Pi||| = c and c-inf(fi + ḡ, I) < ci.

Let x ∈ R. If x is not a left c-limit point of
⋃k
j=1 Pj , then ḡ = g on (x− δ, x] for

some δ > 0, so c-lim
(|fi+ ḡ−fi(x)− ḡ(x)|, x−

)
= c-lim

(|fi+g−fi(x)−g(x)|, x−
)
.

Otherwise by Corollary 6.2, we obtain

c-lim
(|fi + ḡ − fi(x) − ḡ(x)|, x−) = 0 = c-lim

(|fi + g − fi(x) − g(x)|, x−).
Similarly c-lim

(|fi + ḡ − fi(x) − ḡ(x)|, x+
)

= c-lim
(|fi + g − fi(x)− g(x)|, x+

)
.

II. Now choose pairwise disjoint nonempty perfect sets Q1, . . . , Qk such that
Qi ⊂ [[[fi+ḡ < ci]]]∩int I for each i. By Lemma 3.5, we may assume that (fi+ḡ)�Qi is
continuous for each i. For each i let ψi be a continuous function mapping Qi onto
[ci, di]. Use the Tietze extension theorem to construct a nonnegative continuous
function ψ such that ψ = ψi − fi − ḡ on Qi for each i, and ψ = 0 outside of I.

III. Finally, define g̃ = ḡ + ψ. Clearly this function has all required properties.

Proposition 6.5. Let h, f1, . . . , fk ∈ B1. Moreover, assume that for each i and
each x ∈ R we have max

{
c-lim (fi, x

−), c-lim (fi, x
+)
} ≤ h(x). Then there is a

positive function g ∈ B1 such that fi + g ∈ D1 for each i.

Proof. Let f ∈ B∗
1 be such that f > |fi|+ |h| on R for each i. (See Lemma 6.3.) Put

C =
⋂k
i=1 Cfi . Denote by J the family of all compact intervals, J , such that frJ ⊂ C

and there is a positive function g ∈ B1 with g = 1 on fr J and fi + g ∈ D1(J) for
each i. Moreover let G be the set of all x ∈ R for which there is a δx > 0 such that
every compact interval J ⊂ (x − δx, x + δx) with fr J ⊂ C belongs to J. Observe
that by Lemma 5.1 we have C ⊂ G, so G is dense in R.

The first two assertions can be proved in essentially the same way as in the proof
of Lemma 6.3.
Assertion 1. If [a1, a2] ∈ J and [a2, a3] ∈ J, then [a1, a3] ∈ J. C
Assertion 2. Every compact interval J ⊂ G belongs to J. C
Assertion 3. G = R.

Indeed, suppose that the closed set P = R\G is nonempty. Let x0 ∈ P and δ > 0
be such that f�(P ∩ (x0−δ, x0 +δ)) is continuous and ω

(
fi, P ∩ (x0−δ, x0 +δ)

)
< 1

for each i. Take a compact interval J = [a, b] ⊂ (x0 − δ, x0 + δ) with a, b ∈ C. If
J ⊂ G, then by Assertion 2, we have J ∈ J. Otherwise write J \ P as the union
of a family, {Jn : n ∈ N}, consisting of nonoverlapping compact intervals, such that
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each x ∈ J \P belongs to int
(
Jn∪Jm ∪ (R\J)

)
for some n,m ∈ N. For each n ∈ N

use Assertion 2 to find a positive function gn ∈ B1 witnessing Jn ∈ J. We may
assume that (fi + gn)[Jn] ⊃ [cin, din], where cin = max

{
c-inf(fi, Jn) + n−1,−n}

and din = max{cin, n}. (See Lemma 6.4.)
Define g(x) = gn(x) if x ∈ Jn for some n ∈ N, and g(x) = f(x) otherwise.

Clearly g is well defined and Baire one, g > 0 on R, and g = 1 on fr J . (Recall that
a, b ∈ C ⊂ R \ P .) Fix an i ≤ k and let x ∈ (a, b]. If x /∈ P , then there is an n ∈ N
such that x ∈ Jn and x is not the left end point of Jn. Since fi + gn ∈ D1(Jn),
c-lim

(|fi+g−fi(x)−g(x)|, x−
) ≤ 1. If x ∈ P and x is not a left c-limit point of P ,

then by Lemma 3.3, for each δ > 0 we have (fi+g)[(x− δ, x)] ⊃ (
c-lim (fi, x

−),∞).
As (fi + g)(x) > h(x) ≥ c-lim (fi, x

−), we get c-lim
(|fi + g− fi(x)− g(x)|, x−

)
= 0.

Finally if x ∈ P and x is a left c-limit point of P , then using the fact that f�(P ∩J)
is continuous, we get c-lim

(|fi + g − fi(x)− g(x)|, x−) ≤ ω(fi, P ∩ J) < 1.

Proceeding similarly, we can prove that c-lim
(|fi + g− fi(x)− g(x)|, x+

) ≤ 1 for
each x ∈ [a, b). So fi + g ∈ D1(J). It follows that x0 ∈ P ∩G = ∅, an impossibility.
This contradiction proves that G = R. C

For each z ∈ Z construct a function gz ∈ B1 witnessing [z, z + 1] ∈ J. (We use
Assertions 3 and 2.) Define g(x) = gz(x) if x ∈ [z, z + 1] for some z ∈ Z. One can
easily verify that g has all required properties.

Lemma 6.6. Let J be an interval and let f ∈ Dτ (J) for some τ > 0. For each
y ∈ (

c-inf(f, J) − τ, c-sup(f, J) + τ
)

and each ε > 0 there is a z ∈ (y − τ, y + τ)
such that |||[[[|f − z| < ε]]] ∩ J||| = c.

Proof. If y ≤ c-inf(f, J), then c-inf(f, J) > −∞ and we can define z = c-inf(f, J).
We proceed similarly if y ≥ c-sup(f, J). So assume y ∈ (

c-inf(f, J), c-sup(f, J)
)
.

Suppose that |||[[[|f − z| < ε]]] ∩ J||| < c for each z ∈ (y − τ, y + τ). Observe that the
interval (y − τ − ε, y + τ + ε) can be written as the countable union of intervals
of length 2ε, each of which is centered at an internal point of (y − τ, y + τ). Thus
|||[[[|f − y| < τ + ε]]] ∩ J||| < c. But f ∈ Dτ (J), so [[[|f − y| < ε]]] ∩ J = ∅.

Define f̄ = max
{
min{f, y + ε}, y − ε

}
. Using the fact that f ∈ Dτ (J), one

can easily show that f̄ ∈ D0(J), i.e., that f̄�J is Darboux. It follows that either
f ≤ y − ε on J and y > c-sup(f, J), or f ≥ y + ε on J and y < c-inf(f, J). Both
cases are impossible. This completes the proof.

Lemma 6.7. Let f ∈ B1, P be a nonempty perfect set, x ∈ P , and |f − f(x)| < ε
on P . For each τ̃ > 0 there is a function ψ ∈ DB1 such that ψ vanishes outside
of P , (f + ψ)[P ] ⊃ [

f(x)− τ̃ , f(x) + τ̃
]
, and |ψ| < τ̃ + ε on P .

Proof. Without loss we may assume that P is nowhere dense and f�P is continuous.

(See Lemma 3.5.) Let P̃ be a nowhere dense perfect set of positive measure and let

u : R → R be a homeomorphism with u[P ] = P̃ . Let Q̃ be a nonempty perfect set

consisting of points of density of P̃ . Use [21, Lemma 12] to find an approximately

continuous function ϕ̃ : R → [0, 1] such that ϕ̃ = 1 on Q̃ and ϕ̃ = 0 outside of P̃ . Let

f̃ be a continuous extension of f ◦ u−1�P̃ to the whole real line. Find a continuous

function ψ̃ : R → [
f(x) − τ̃ , f(x) + τ̃

]
with ψ̃

[
Q̃
]

=
[
f(x) − τ̃ , f(x) + τ̃

]
. Define

ψ =
((
ψ̃ − f̃

) · ϕ̃) ◦ u. Then

(f + ψ)[P ] ⊃ (f + ψ)
[
u−1

(
Q̃
)]

= ψ̃
[
Q̃
]

=
[
f(x)− τ̃ , f(x) + τ̃

]
,
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and since the function ψ ◦ u−1 is approximately continuous, ψ ∈ DB1. (See [14]
or [17, Theorem 2].) Finally if t /∈ P , then ϕ̃

(
u(t)

)
= 0 and ψ(t) = 0, and t ∈ P

implies |ψ(t)| ≤ τ̃ + |f(t)− f(x)| < τ̃ + ε. This completes the proof.

Proposition 6.8. Let τ > ε > 0 and f1, . . . , fk ∈ Dτ . Then there is a positive
function g ∈ B1 such that fi + g ∈ Dε for each i and g < 2τ + 2ε on R.

Proof. Denote by J the family of all compact intervals, J , with the property that
for each η ∈ (τ, τ + ε) and any real numbers c-sup(fi, J) ≥ di ≥ ci ≥ c-inf(fi, J)
(i ∈ {1, . . . , k}) there is a function g ∈ B1 such that |g| < τ + ε on J , g = 0 outside
of intJ , and for each i: fi + g ∈ Dε(J) and (fi + g)[J ] ⊃ (ci − η, di + η). Moreover
let G be the set of all x ∈ R for which there is a δx > 0 such that every compact
interval J ⊂ (x − δx, x+ δx) belongs to J.

The first two assertions can be proved essentially in the same way as in the proof
of Lemma 6.3.
Assertion 1. If [a1, a2] ∈ J and [a2, a3] ∈ J, then [a1, a3] ∈ J.

Fix η ∈ (τ, τ+ε) and real numbers c-sup
(
fi, [a1, a3]

) ≥ di ≥ ci ≥ c-inf
(
f, [a1, a3]

)
(i ∈ {1, . . . , k}). For j ∈ {1, 2} let gj ∈ B1 be such that |gj| < τ + ε on [aj, aj+1],
gj = 0 outside of (aj , aj+1), and for each i ≤ k: fi + gj ∈ Dε([aj , aj+1]) and
(fi + gj)

[
[aj , aj+1]

] ⊃ (cij − η, dij + η), where

cij =

{
c-inf

(
fi, [aj , aj+1]

)
if c-inf

(
fi, [aj, aj+1]

)
> −∞,

min
{
ci, fi(a2)

}
otherwise,

dij =

{
c-sup

(
fi, [aj , aj+1]

)
if c-sup

(
fi, [aj , aj+1]

)
<∞,

max
{
di, fi(a2)

}
otherwise.

Define g(x) = g1(x) if x ≤ a2, and g(x) = g2(x) if x > a2. Then clearly g ∈ B1,
|g| < τ + ε on [a1, a3], g = 0 outside of (a1, a3), and fi+ g ∈ Dε

(
[a1, a3]

)
for each i.

Fix an i ≤ k. Since fi ∈ Dτ ,

max{ci1 − η, ci2 − η} < fi(a2) < min{di1 + η, di2 + η}.
Hence by Lemma 3.3, we obtain

(fi + g)
[
[a1, a3]

] ⊃ (
min{ci1, ci2} − η,max{di1, di2}+ η

) ⊃ (ci − η, di + η).

Thus [a1, a3] ∈ J. C
Assertion 2. Every compact interval J ⊂ G belongs to J. C
Assertion 3. G = R.

By way of contradiction, suppose that the closed set P = R \ G is nonempty.

Let x0 ∈ ⋂k
i=1 Cfi�P . Let δ > 0 be such that ω

(
fi, P ∩ (x0 − δ, x0 + δ)

)
< ε

for i ≤ k. Take a compact interval J = [a, b] ⊂ (x0 − δ, x0 + δ). If J ⊂ G, then
by Assertion 2, we have J ∈ J. Otherwise fix an η ∈ (τ, τ + ε) and real numbers
c-sup(fi, J) ≥ di ≥ ci ≥ c-inf(fi, J) (i ∈ {1, . . . , k}). Set η̃ = (τ + ε− η)/4.

Fix an i ≤ k. Since the interval [ci − τ + η̃, di + τ − η̃] is compact, there
are zi1, . . . , zipi ∈ R such that [ci − τ + η̃, di + τ − η̃] ⊂ ⋃pi

s=1(zis − τ, zis + τ)
and |||[[[|fi − zis| < η̃]]] ∩ J||| = c for each s. (We use Lemma 6.6.) Notice that
[ci − η, di + η] ⊂ ⋃pi

s=1(zis − η − η̃, zis + η + η̃).
Write J \ P as the union of a family, {Jn : n ∈ N}, consisting of nonoverlapping

compact intervals, such that each x ∈ J \ P belongs to int
(
Jn ∪ Jm ∪ (R \ J)

)
for some n,m ∈ N . (We have either N = ∅ or N = N.) By Lemma 3.2, there
is a family,

{
Qis : i ∈ {1, . . . , k}, s ∈ {1, . . . , pi}

}
, consisting of pairwise disjoint
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nonempty perfect sets, such that Qis ⊂ [[[|fi−zis| < η̃]]]∩J for each i and s. We may
assume that for each i and s, either Qis ⊂ Jn for some n ∈ N or Qis ⊂ P \Bχ

P∩J
(see Lemma 3.3), and fj�Qis is continuous for each j (see Lemma 3.5). For each i
and s, if Qis ⊂ P , then find a function ψis ∈ DB1 such that ψis vanishes outside
of Qis, (fi + ψis)[Qis] ⊃

[
zis − η − η̃, zis + η + η̃

]
, and |ψis| < τ + ε on Qis. (Use

Lemma 6.7 with τ̃ = η + 2η̃.) If Qis ∩ P = ∅, then let ψis = 0 on R.
For each n ∈ N construct a function gn ∈ B1 such that |gn| < τ + ε on Jn,

gn = 0 outside of intJn, and for each i ∈ {1, . . . , k}: fi + gn ∈ Dε(Jn) and
(fi + gn)[Jn] ⊃ (cin − η − 2η̃, din + η + 2η̃), where

cin =

{
c-inf(f, Jn) if c-inf(f, Jn) > −∞,

−∑pi
s=1|zis| −max|f |[frJn]− n otherwise,

din =

{
c-sup(f, Jn) if c-sup(f, Jn) <∞,∑pi

s=1|zis|+ max|f |[frJn] + n otherwise.

Put ĝ(x) = gn(x) if x ∈ Jn for some n ∈ N , and ĝ(x) = 0 otherwise. Define

g =
∑k

i=1

∑pi
s=1 ψis + ĝ. Clearly g is well defined and Baire one, |g| < τ + ε on J ,

and g = 0 outside of int J . Fix an i ≤ k.
Let x ∈ (a, b]. If x /∈ P , then there is an n ∈ N such that x ∈ Jn and x is

not the left end point of Jn. Using the fact that fi + gn ∈ Dε(Jn), we obtain
c-lim

(|fi+g−fi(x)−g(x)|, x−
) ≤ ε. If x ∈ P and x is not a left c-limit point of P ,

then x ∈ Bχ
P∩J , and by Lemma 3.3, for each δ > 0 we have

(fi + g)[(x− δ, x)] ⊃ (
c-lim (fi, x

−)− η − 2η̃, c-lim (fi, x
−) + η + 2η̃

)
.

(Cf. also the proof of Assertion 1.) Using the facts that g(x) = 0 and fi ∈ Dτ , we
get c-lim

(|fi + g − fi(x) − g(x)|, x−) = 0.

If x ∈ P and x is a left c-limit point of P ∩⋃k
j=1

⋃pj
s=1Qjs, then by Corollary 6.2,

we obtain c-lim
(|fi + g − fi(x) − g(x)|, x−) = 0.

Finally if x ∈ P , x is a left c-limit point of P , and x is not a left c-limit point

of P ∩⋃k
j=1

⋃pj
s=1Qjs, then g = 0 on P ∩ (x − δ, x] for some δ > 0. Using the fact

that ω(fi, P ∩ J) < ε, we obtain c-lim
(|fi + g − fi(x)− g(x)|, x−) < ε.

Proceeding similarly, we can prove that c-lim
(|fi + g− fi(x)− g(x)|, x+

) ≤ ε for
each x ∈ [a, b). Hence fi + g ∈ Dε(J).

Since Qis ⊂ [[[|fi − zis| < η̃]]], it follows that zis ∈
(
cin − η̃, din + η̃

)
whenever

Qis ⊂ Jn. Thus (fi + g)[J ] ⊃ ⋃pi
s=1(zis − η − η̃, zis + η + η̃) ⊃ (ci − η, di + η).

We have shown that J ∈ J. It follows that x0 ∈ P ∩ G = ∅. This contradiction
proves G = R. C

For each z ∈ Z use Assertion 3 and construct a function gz ∈ B1 such that
|gz| < τ + ε on [z, z+1], gz = 0 on {z, z+1}, and fi+ gz ∈ Dε([z, z+1]) for each i.
Define g(x) = gz(x)+ τ + ε if x ∈ [z, z+ 1] for some z ∈ Z. This function obviously
has all required properties.

Theorem 6.9. Let f1, . . . , fk ∈ B1. The following are equivalent :

(i) there exists a positive function g ∈ B1 such that fi + g ∈ D for each i;
(ii) there exists a function h ∈ B1 such that for each i and each x ∈ R we have

max
{
c-lim (fi, x

−), c-lim (fi, x
+)
} ≤ h(x).

Proof. (i)⇒ (ii). Let h = max{f1, . . . , fk}+ g. Fix an i ≤ k and an x ∈ R. Then

c-lim (fi, x
−) ≤ c-lim (fi + g, x−) ≤ (fi + g)(x) ≤ h(x).
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Similarly we can show that c-lim (fi, x
+) ≤ h(x).

(ii)⇒ (i). By Proposition 6.5, there is a positive function g1 ∈ B1 such that
fi + g1 ∈ D1 for each i. For n ≥ 2 apply Proposition 6.8 to construct a positive
function gn ∈ B1 such that gn−gn−1 < 2·22−n+2·21−n on R and fi+gn ∈ D21−n for
each i. Define g = limn→∞ gn. This sequence is uniformly convergent, so g ∈ B1.
Clearly g > 0 on R. Fix an i ≤ k. For each x ∈ R and n ∈ N we have

c-lim
(|f + g − f(x)− g(x)|, x−)

≤ c-lim
(|f + gn − f(x)− gn(x)|, x−)+ 2‖g − gn‖

≤ 21−n + 2
∑

m>n‖gm − gm−1‖
≤ 21−n + 2

∑
m>n(2 · 22−m + 2 · 21−m) = 26 · 2−n;

similarly we can show that c-lim
(|f + g − f(x) − g(x)|, x+

) ≤ 26 · 2−n. Hence
fi + g ∈ ⋂n∈ND26·2−n = D0 = DB1. This completes the proof.

Proposition 6.10. There is a positive function f ∈ AB∗
1 such that for each func-

tion ψ ∈ B1 the condition “ f < ψ on R” implies “ψ /∈ D”.

Proof. Let F be the Cantor ternary set, and let I = {(an, bn) : n ∈ N} and J be
disjoint families of components of R \ F such that F =

(
cl
⋃

I
) ∩ (cl⋃ J

)
. Define

f(x) = n if x ∈ (an, bn) for some n ∈ N, and f(x) = 1 otherwise. If x ∈ (an, bn] for
some n ∈ N, then c-lim (f, x−) = n, and if x /∈ ⋃n∈N(an, bn], then c-lim (f, x−) = 1.

Similarly we can show that 1 ≤ c-lim (f, x+) <∞ for each x ∈ R. By Corollary 4.5,
we obtain f ∈ A. It is evident that f ∈ B∗

1.
On the other hand, the function u(x) = max

{
c-lim (fi, x

−), c-lim (fi, x
+)
}

is
unbounded above on each portion of F . So by Lemma 6.3 and Theorem 6.9, we
obtain that f + g /∈ D for each positive function g ∈ B1.

7. Open problems

Problem 7.1. Is it consistent with ZFC that there is an uncountable cardinal κ
such that the assertion of Theorem 4.7 holds for each family of Borel measurable
functions A with |||A||| ≤ κ?

We say that a function f is almost continuous in the sense of Stallings [19]
if every open set G ⊂ R2 containing the graph of f contains the graph of some
continuous function. Recall that almost continuous functions are Darboux, but the
converse is not true. However, in Baire class one these two notions coincide [1].

Problem 7.2. Characterize averages of comparable almost continuous functions.
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